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Short Note

Phase correction in separating P- and S-waves in elastic data

Robert Sun*, Jinder Chow!, and Kuang-Jung Chen**

INTRODUCTION

Two-dimensional elastic data containing reflacted P-wavag
and converted S-waves generated by a P-source may be sep-
araled wsing dilatation and rotation calculations (Sun, 1999),
The algorithm is a combination of elastic full wavefizld extrape-
lation (5un and MeMechan, 1986; Chang and Mchiechan, 1987,
1994} and wave-type separation using dilatation {divergenca)
and rotation (curl) calculations (Dellinger and Etgen, 1990).
It includes {1} downward extrapolating the (multicomponent)
elastic data in an elastic velocity model using the elastic wave
squation, () caleulating the dilatation to represent pure P-
waves and calculating the rotation to represent pure S-waves
a1some depth, and (3) upward extrapolating the dilatation in g
Povelocity model and upward extrapodating the rotation in an
S-velocity model, using the acoustic wave equation for each,

Axsume that the parameters in elastic scismic data are dis-
placement components. Calculating the dilatation and rotation
involves spatial derivatives on displacement components that
induce a /2 phase shift. Thus the separated P- and S-waves
using dilatation and rotation calculations will have wavelets
that are phase shifted by x/2 compared Lo the wavelets in the
clastic data, To illustrate this phase shift, if a wavelst in the
elastic data is the function [Figure 12)

f(r) = =[(r — m)/alexp[—{r —w)?fa). (1)

where ¢ is time and rg and a are constants, then the wavelsts
in the separated P- and 5-waves will be a x/2-phase-shifted
function (Figure Lb}). Removing this phase shill is necessary o
restore the original waveler,

The method described in this paper correcs the phase in the
separated P-and S-waves A compensating — /2 phase shift by
a Hilbert transform will achieve this result, Although the x /2
phase shift i induced in the derivatives with respect to spatial

variables, it is not necessary 1o perform the phase correction in
the spatial domazin. We have the freedom to perform the phase
correction either in the spatial domain or in the time domain,
In thiz paper, it is performed in the time domain.

This paper trzats bwo-dimensignal seismic data. Rectangular
{x, £} space coprdinates are used for illustration, Both elastic
and acoustic wave equations (Appendix A) are used for wave-
field extrapolations. Finite difference simulations, of fourth-
order accuracy in spatial derivatives and second-order accuracy
in ime derivatives (Dablain, 1935), of the elastic wave equa-
tion {A-1) and of the acoustic wave equation (A-2) are used.
The grid spacing & =0.01 km in both - and z-coordinates and
the time sampling increment Ar =0.001 s are used throughout
Lthis pitper.

THEORY

This section containg a mathematical derivation of the origin
of tha x/2 phase shift induced in separating the P-and S-waves,
and is fallowed by the approach to correct this phasa shift.

Let Up and Us denote the displacement vectors of the propa-
gating P and S-waves, respectively. In two-dimensional efastic
downward extrapolation, the wavefield (displacement vector)
U can be expressed as a linear combination of Up and Us:

U = ¢gUp + 6pUs, (2)

where ¢y and & are constants. Lamé's theorem (Aki and
Richards, 1980) states that Up and Us can be derived as the
gradient of a scafar compressional potential A and the curl of
# vector shear potential B, respectively:

Up = VA, {3a)

Us=VxB. (3b)
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For a harmonic plane wave, the compressional potential A can
b expressed as a scalar function

A = —jgiltper+kpro-ur) {da)

where &, and k,, denote the P-wave spatial wavenumbers
in the x- and z-directions, respectively, o denotes the angular
frequency, and i = /=1. The shear potential B can be expressed
as a vector function

B = —a'c“:*“’”"‘_“}a,. (4b)

where k., and k,, denote the S-wave spatial wavenumbers in
the x- and z-direction, respectively, and the unit vectors in x-,
y- and z-directions are denoted by a,, 8. and o, respectively.
Then the displacement vectors Uy and Us can be denived by
substituting equations (4a) and (4b) into equations {3a) and
(3b), respectively, The results are

Us = (kpelle + kpon) eflhoss thpei=ad  (55)
and
Us = {krzn: = ku'z}gr‘*ux-'-hﬁ_w:l- {jb}

Substituting equations {5a) and {5b) into squation (2) gives the
expression for the displacement vector Ut

U = [golkpear + kppa,) e'ltoss*toct)
+ En{knl; = k.ul:} ‘j“"h"“ﬂ]‘_lw' {6}

As spherical waves can be expressed as combinations of plane
waves, downward propagating wavefields can be represented
by equation {8).

For separating #- and S-waves, the dilatation ¢ is calcutated
to represent the P.waves and the (vector) rotation #a, is cal-
culated to represent the S-waves by substituting equation (4)
into equations {3a) and (3b):

a) b)

Fic. 1. Awavelet (a)and its 7,/2 phase shift (b}, The amplitudes
of both wavelets have been narmalized.

Pl 2, 0)=V.-U=gy¥ -Up
= ik}, + k) efpeistoni=) - (7q)
M, z,00m, =V U=V x U
= i3, + k7, ) Hlhersttez=wily - (Th)

The divergence of the 5-wave displacement [V - Us) and the
curl of the P-wave displacement (¥ = Ug) vanish identically
in cquations (7a) and {7b).

Equations (5a) and (7a) show that the dilatation ¢ differs
feom the P-wave displacoment Up in that the harmenic term
explilkoes + kopz — wt)] in cquation (7a) is multiplied by a fac-
tor i, whereas that in ¢quation (5a) is not, The factor i, which is
explim/2), causes the rr/2 phasze shifr, Similarly, equations (5b)
and (7b) show that a #/2 phase shift also appears in the sepa-
rated S-waves

The /2 phase shift can be corrected by imposing a com.-
pensating —=,/2 phase shift to both & and 9 in equations (7a)
and (7h). A Hilbert wransform will achieve this purpose. Since
the factor i in equations (7a) and (7b) multiplies the entire
harmonic term expli(k.x + k.z — wt)] rather than the spatial
variables x or 7, we have the freedom to perform the —x/2
phase shift in the time domain. [mposing the —r/2 phase shift
can be achieved as long as the factor [ is removed,

For separating the F- and 5-waves, dilatation ¢ and rotation
£ are computed at some depth z; and can be represented by
functions of x and r {with constant z):

# #(x,1)
[5]-[55] ®
The Hilbert transform with respect to ¢ (Claerbout, 1976, 20-
23) will be applied on equation (8) to correct the phase shift.

A SYNTHETIC EXAMPLE

Figure 2 shows an isotropic, two-dimensional laterally in-
homogeneous elastic model of 4.0 km horizental sxtent and
2.2 km depth extent, with ene dipping reflector and one hori-
zontal reflector. The synthetic common-source lastic data gen-
erated for this model with P-source at(x, 2) = (2.0,0.14) km are
presented in Figure 3, The data are gensrated with absorbing
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Fio. 2. A laterally inhomogeneous elastic model from which
the synthetic elastic data in Figure 3 are gensrated. The num-
bers outside the parcntheses denote P-velocities (in km/fs),
and the numbers inside the parentheses denote S-velocities
{in km/s}, 5 is the source location,
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boundaries on all (top. bottom, left, and right) edges. The direct
arrival has been muted, so the data include only the reflected
P-waves and the converted 5-waves

The elastic data (Figure 3) are downward extrapolated into
4 homogeneous elastic velocity model wsing elastic wave equa-
tion (A-1). During downward extrapolation, at some depth z;
{here, 2y =0.2 km) the dilatation &(x, i) is computed to extract
the F-waves (Figure da), and the rotation #{x, r ) is computed to
extract the S-waves (Figure 4b). The wavelets of the input elas-
tic data {Figure 3) are shaped as in Figure 1a, but the wavelets
of the separated P- and S-waves (Figures 4a, b) are shaped as
in Figure 1b, i.e., phase shifted by &/2.

The Hilbert transform is applied 1o cach trace of the di-
latation and the rotation (Figures 4a, b}, and the results are
presented in Figures 5a and 5b, respectively. The wavelets in
Figures 5a and 5b are again shaped as those in Figures 3a and
3b, implying that the phase has been corrected.
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Fig. 3. Synthetic common-source elastic data gensrated from
the model in Figure 2: (a} vertical component, (b} horizontal
component, P = P-wave; § = S-wave.
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Figures 5a and 3b are the separated waves extracted at depth
2. notat the earth's surface. To reconstruct the separated waves
at the earth's surface, Figure 5a needs (o be upward extrapo-
lated in a P-velocity model and Figure 5b needs to be upward
extrapolated in an S-velocity model, both using acoustic wave
equation {A-2). The procedure has been detailed by Sun (1999)
and is not repeated here.

DISCUSSION ANT) CONCLUSIONS

The algorithm to separate P- and S-waves was previously
developed. That algorithm performs separation of alagte data
into pure P- and 5-waves. The 7/2 phase shift in the waveles
is unavoidable because spatial derivatives are required opera-
tions in separating the P- and S-waves This paper shows that
the phase of the wavelets can be corrected by applying a Hilbert
transform with respect (o time after the £- and S-waves have
been separated. The =2 phase shift is induced in the deriva-
tives with respect to x and . It is difficult 1o correct the phase in
the x-z domain, but easily implemented via a Hilbert transform
in the ¢ domain.

In real seismic data, the parameter may be particle velocity,
which is the time derivative of displacement. With real data, we
should simply substitute the displacement, dilatation and rota-
tion in equations (2)=(8) by their ndividual time derivatives.
The phase correction algorithm will remain valid.

Correcting the phase of the wavelets can also be achisved
using deconvolution and wave shaping (Yilmaz, 1987, §2-133).
The purpose of this paper is to démonstrate that the phase shift
in separating F- and 5-waves is exactly =/2 and, therefore, a
compensating = /2 phase shift can be one of the possible phase
comecting approaches, and it is exacl.

This paper assumes that the source wavelet is antisymmetric
(Figure la}, The x/2-phase-shifted wavelets of the separated
P- and 5-waves are then rero phase. However, if the phase-
shifted wavelets are preferred, the phase correction proceduce
i this paper can be omitted.

As the separated waves are functions of x and », ideally we
should be able 1o perform the phase correction by applying a
Hilbert transform with respect to sither & or 1. A singularity
happens atk, = 0{a result of multiplying =i in the k, < Dregion
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Fic. 5. The phn.-ac-cunm.r.d versions of the rated Powaves
{a) and S-waves {b) extracted at depth 0.2 km.
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and multiplying i in the k, = 0 region) if a Hilbert transform
with respect to x is performed. Similarly, a singularity happens
at w=0i a Hilbert transform with respect to ¢ is performed.
Ag the separated waves may have very high apparent velocities
with nonzero energy in the vicinity of &, =0, a Hilbert trans-
form with respect to ¢ is not recommended since the singular-
ity at &, =0 may cause nasty artifacts (Dellinger, 1991). On the
other hand, since the separated waves are usually band limited
with litthe energy in the vicinity of w=1{, a Hilbert transform
with respect o f is recommended since the artifacts caused by
the singularity at o =0 are negligible,

In this paper, the dilatation and rotation calcularions in equa-
tions {7a) and {7Tb) are performed using finite differences in the
spatial domain, They can alsa be performed in the wavenum-
ber domain using Fourier transforms with respect to x and z
{Dellinger and Etgen, 1990). The subsequent prhass correction
procedure will be the same as described above,

This paper only treats two-dimensional seismic data in
isotropic media. The Hilbert transform for the phase correc-
tion is with respect to £ only, 5o it will remain the same if we are
o treat three-dimensional seismic data. Therefore, the axten.
sion of this phase correction algorithm to three dimensions will
he straightforward. [n anisotropic media, since the wave sep-
aration will still be performed by the dilatation and rotation
calculations in eqguations (7a) and (7b), the term exp—iawr)
and also the phase shift problem remain the same as those in
isotropic media. The phase correction algorithm in this paper
will be equally effective,
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APPENDIX A
TWO-DIMENTIONAL WAVE EQUATIONS

Isotropic media are assumed in this paper, and both elastic
and acoustic wave squations are used. The two-couplad wave
equations for two.dimensional elastic extrapolation are {Keily
et al., 1974; Sun and McMechan, 1986}

au 2 3t 1 g2 3%
= =+ -
d (a5 )a Tl T
and
3w zﬂiw 3 3 8 23=w
i L — gL A W |
a2 =¥ gz T PG+ 5 (A

where is time, & = ulz, z. t)and w = w{x, g, r) are the horizon-
tal and wertical displacement componeants, respactively, and o
and g are the P- and S-velocities, respectively. The acoustic
wave cquation is

#0 =cz(a*rz a*a)

o Froar g a2

where = Q(x, £, 1} i3 the wave function and ¢ is the acoustic
velocity. In both equation {A-1} and equation { A-Z), the r-axis
(harizontal position) points to the right and the z-axis (depth)
paints downward.




